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incentive compatible (a.k.a. truthfulness or strategy proof)

v' Dominant strategy incentive compatibility(DSIC)
When bidders get maximum utility by revealing their true information irrespective
of the bids from other bidders.

e.g. Second Price Auction b_; = (bla ba, ..., bi1,bi11,. .., bn)
(CE) First Price Auction Uz‘(’Ui, (v,b b_i)) > Uz‘(’Ui, (bi, b_i))

v' Bayesian-Nash incentive compatibility(BNIC):
It is a weaker form compared to the former. In this, a bidder reveals its private
Information when other bidders also reveal their private information.

https://en.wikipedia.org/wiki/First-price sealed-bid auction 2



https://en.wikipedia.org/wiki/First-price_sealed-bid_auction

Background

Designing an incentive compatible auction that maximizes expected
revenue is an intricate task!

The single-item was resolved[Myerson’s auction 1981]
However, After 30-40 years ...

simple multi-bidder, multi-item settings remains unresolved

[1] Myerson R B. Optimal auction design[J]. Mathematics of operations research, 1981, 6(1): 58-73. 3



Main Contribution

v'provide the first, general purpose, end-to-end approach for solving the
multi-item auction design problem

v'model an auction as a multi-layer neural network, frame optimal auction
design as a constrained learning problem(incentive compatibility)

v'The goal is to learn an auction that maximizes revenue.
v’ Recreate state of the art analytical results of optimal auctions

v'Discover new auctions for settings where optimal solution is unknown



Notation

Bidders: NN ={1,...,n} V_; = (V1,V2, -+, Vi—1,Vit1,- - - Un)
items: M ={1,...,m} ~ B&H#
valuation function: v;(S) : 2¥ — R>¢, S C M

profile of valuations: v = (v1,...,V,) v €V, v ~F,
Bidder i Allocation rule: g;:V—2Y oy~ F

Bidder i Payment rule: p;: vV — R

< IR i YA =EIPIaE e
profile of bids: b = (bl, el bn) xfBidder i ECE|Mitems#HITE{E b; € V

/

Bidder i utility: wi(vi, b) = v;(gi (b)) — p;(b) — P BEXMHEH



The Problem

e A seller with a set of m items

* A set of n bidders with independent private
valuations, v;: 2™ - R.,, v; ~ F;

o F = (Fy,-, F,) is known.

* Design auction (g%, p") that maximizes expected
revenue, s.t. strategy-proofness. maz B[, vp¢ (v)]

« g% is parametrized allocation rule @
* p* is parametrized payment rule , w
mn _E[ZieNpi (U)]



Approach

IR S = (v, 0@ 0l)

Our Approach: RegretNet s (¢°.0") e MweR!deN

(1) \ N 73
v BEYIESE: w e RY

Allocation

Payment

l S R

u; (v, v—;) = v; - i (v}, v—;) — pi (vj, v_y)

)

o) N

Sample from F 4 Training A / l \
Tune weights to
maximize revenue s.t. truevalue  bid  Other’ bids

incentive constraints
N (main challenge) Y,




For example: First Price Auction

Auction 101 V; = {8,9,10},v; = 10

v
"l

™~
& 55.57.518

0 i

 Utility of winner: SO =5$10- 510

First Price Auction

Winner G‘;’ Charge winner $10

i

Seller Revenue: $10



For example: First Price Auction

Auction 101 V; = {8,9,10},v; = 10

First Price Auction

Winner G‘;:, Charge winner S8

 Utility of winner: $S2 = $10 - $8 Seller Revenue: $8 l



Formulation as a learning problem

« expected utility for bidder i with bid v;
U(gapv Ui) = K, , [’Uz' " Gi (”U;, ’U—i) — Pi (’U;;, 'U—z')]
* What is Regret (expected ex post regret)?

rgt;(w) = E|maxuf (v;; (v}, v_)) — u}’(vs; (vi,’ui))] >0

v.eV;

[ the ex post regret for a bidder is the maximum increase in her utility ]

* re-formulate the learning problem as minimizing the expected loss

Eiﬁ?d E,.r { — ;;o;w(v)] s.t. rgt;(w) =0, Vi € N.

10



Formulation as a learning problem

« a sample of bidder valuation profiles
S = (v, v o))

, L] e o ,

« estimate the empirical ex post regret for bidder i (FE&ERE)

gt (w) =

- (£) () (O
Zing;;{u (v, v2})) = u(v; 5 0')
* minimize the empirical loss subject to the empirical regret being zero for all bidders

. L T
111111 _% D re1 2ie1 p?(“(f))

weRd

st.  rgt;(w) = 0, Vie N.
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Generalization Error bound

 Generalization bound

We bound the gap between the expected regret and the empirical regret in terms
of the number of sampled valuations profiles

 solving for (2) with a large sample yields an auction with near-optimal expected
revenue and close-to-zero expected regret

w 1 < - w 4
— E,_F —Zpi (’U)] < — f ZZPZ (,U( )) A, — inf{i +2\/210g(/\/oo(./\/l,6/2)) }
iEN =1 i=1 >0 | n L
log(1/4)
_ + 2nA +C’n\/
- L L — o0, A — 0
1 « 1 o~ — , [log(1/6)
g Engti(w) < EErgti(w)—FQAL—l—C \/ 7

1=1 1=1 12



Bidders with additive valuations w(s) = > v:(j)

g : R™™ — [0,1]""

Allocation Network g

R/ hidden layers

w nm n
Payment Network p

LR BB (THIEEN
l Di = Uiy Zijbij

lllllll
...........
‘‘‘‘
" L™
L] L
. "
- "y

b]]_ . 2’11 “."--bll ..... '¢
o’ : > Dy 5 m =}?1zzlg by
bln’ - Enl : blrr ‘e T
— D2 1 : ) P2 = P2 22j bo;
I
] XA A et '_$ i=1
L] "y ' ...........
e T T/ AV VL L : . :
h‘n.l Z1m : hﬂ_| b.' .
1 : i !
Yo ¥ 1 N a —> Pn Pn = Pn Zng bu_-j
h‘rt‘r “nm " ¥, hnm_ A N * J=1
e, N~ an® * . ~
T F ot e Satisfy I.R. B €[0,1]
n I ......
> im17ii <1 !
] feedback U; (”UZ-, b) = V; (gz(b)) — pi(b) >0
ZZ] S [07 ] % Metrics: rev, rgty, ..., rgt,

Figure 1: The allocation and payment networks for a setting with n additive bidders and m items. The inputs are bids from bidders for

each item. The rev and each rgt; are defined as a function of the parameters of the allocation and payment networks|w = (w,, wp).




Bidders with unit-demand valuations v:(S) = maz,csv;(j)

seftmaz....softmax

1= =1 il 1= =1 w . TONnm nm
: I I I- | PR S g‘R %[071]
bi; : | ; | A= min{s;y, 8, }
% co . I 1.
U [ IR M e TN L
3
I [ I I N n
i l ||: IOl Zn1 = min{sn1, 5, } D% <1
A=) ... == ' : m
| ..
~ o 217 <1
._ Cm o mm wm w ';IE | I
A
________ - 1§
N\ _ _ _I_softmar : : :
12 Iyt '
. 1 | ; _ _
brurl : e I: |O| Znm = 11111'1{.‘3.”_.”,“ *‘-‘:r”n} _ _
e ot | o | Sij Sij

"""""" softmai

Figure 2: The allocation network for settings with (a) n unit-demand bidders/and m itemzla/

Lemma 1. ©”%(s,s') is doubly stochastic Vs, s’ € R™™, o5 o5

) " nm / ~__ DS AN
For any(doubly siochasiic allocation)z € 0,1]"™, Js,8" € zij = ¢;; (s,s') = min Esp | rev s
R™™, for which z = o> (s, s). D k-1 € k=1 €
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Bidders with additive or unit-demand valuations

 Bidders with additive valuations Vie N,Vje&e M

n : =
S:i_lzij <1 - BhitemRZ AL — 1A

DEREEL MRBEDEICRZHEFRFBEANIAB ALY &, AR U ECE] £ item
e Bidders with unit-demand valuations

J—

> 2 < 1 19N item o4 B AR 2 R ABI 1
- g hitemix Z M EC4E—bidder
m - B/ Db = AN 1 | AN
- ijlzij <1 Fbidderix Z 2 ECE|—{item

DECRES2. ZRE|AFoEAERL, MiHmEERIE—biddersk 2 2 ECE|—item,
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Bidders with combinatorial valuations

bi {1}
b1 23

5*11{1.2}

ba {13
b2 {2}

hz,-{l.z}

Fig (b): 2 combinatorial bidders and 2 items

* In this case, each bidder i reports a bid b; s
141} for every bundle of items S € M

a2« combinatorial feasible(CF)

s  PTAbiddersfibundle SHfFEEitem jREER BT 1

e

D ieN ZSQM:jeS zis <1,VjeM

2.{1,2} Sscmzis < 1L,Vie N
“2,{1}

—/Mbidderfr B bundle D BL AIMER =~ FIRBid 1
Z2.{2}

« Allocation rule and Payment rule
2i§ = gofg (3, s, s(m)) = min{gi,s, §§‘2~ 1] € S}

Pi = DiD gcar?i,5bi
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Covering number bounds

Theorem 2. For RegretNet with R hidden layers, K nodes
per hidden layer, d, parameters in the allocation network,
d, parameters in the payment network, and the vector of all
model parameters |w||y < W, the following are the bounds

on the term Ay, for different bidder valuation types:

(a) additive valuations:
A < O(\/R(dg + dp) log(LW max{K,mn})/L),

(b) unit-demand valuations:

Ap < O(\/R(da + d,) log(LW max{K,mn})/L),

(c) combinatorial valuations:

A < O(\/R(da + dp) log(LW max{K,n2m})/L).

— « Gradient clipping
L
g:lls

)

clip(gi, L) = g; - min(1,

L — oo, AL — 0

log(L)

Ar = O( 7 )

17



RegretNet Training

Algorithm 1 RegretNet Training

Input: Minibatches &;....,S87 of size B
Parameters: Vi, p; > 0,7 >0,n >0, Re N, K €¢ N
Initialize: w" € R4, \° € R”

fort = Oto1 do

Receive minibatch S, = {u'l), ..., u' Py
Initialize misreports -'1.-"'?) eVi,Vte|B],ieN
forr = Oto Rdo

V{e[B|, ie N:
O 0 29 (o (040,0)
end tor
Compute regret gradient: V¢ € [B],i € N:
t
9ri —

Vo [u}“ (*U_Eﬁ); (?.:"(-f}., i{_?)) —u"-”(irgf)' ?}{E)}]

T 1 7

w — wt — 9V, C,, (wh A"
Update Lagrange multipliers once in () iterations:
if ¢ is a multiple of
AL N\ oy gt (witY), Vie N
else
)\L—kl — )\r‘.
end for

Compute Lagrangian gradient using (5) and update:wt:

« the constrained training problem

. L mn
min _% D=1 2 i=1 P (v)

weRd

st.  rgt.(w) =0, Vie N. (2)

« the augmented Lagrangian method(solve(2))

cym) =~ 3 (1)

=1 ie N

+ Az@i(w)_'_g (Z @1(10))

1EN 1eEN

« update model parameters and Lagrange multipliers

{ w"ew:argmin[ g’,p" —I—Z)\t Lorgt? + P Z (rgt?) ]

w

mew — yold | o s (new) i e N
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RegretNet Training

Algorithm 1 RegretNet Training « estimate the empirical ex post regret for bidder i

Input: Minibatches &;.. .., .St of size B _
Parameters: ‘v’t pt >0,7v>0,n>0,ReN, K € N Mini-batchfJX/)N, L->B

B
Initialize: w° € RY, \? € R" per _ = (0). @OV) _ ©), . (¢
fort = Oto7T do roti(w)|= B ;Eneaécu (vZ (v Y- )) Yi ( Vi ())
Receive minibatch S, = {ulV, ..., ulP)}
s (£)
uitislize pusrepas v € wlweis e » The gradient of C, w.r.t. w for fixed 4, is given by
V¢ e [B], i€ N : | 1 B
VO O v, ue (00 (@, 09)) VuCy(wiX) = == >3 Vupt (o)
end fo (=1 ieN
Compute regrat gradient: V¢ € [B],i € N: B B
g, = YN Mg +pd > rgti(w)ge
Voo [t (0 (') o)) —u (017 0)] €N 1=1 iEN 1=1

- - - v ¢ ¢ ¢
Coitz:ﬁulte:aiian_g1:'1%gr£:jdle(n;:13/1;% (5) and update w?: goi = Vi [ max ul (U( ); (’U’-, ’U( ))) W (U( ); ,U(E))
w oy bl
Update Lagrange multipliers once in () iterations:
if £ is a multiple of @)

NFL N Y py rgt (wttY), Vie N * perform R gradient updates to compute the optimal misreports
else (¢ (¢ /l /¢ 14
AL )t ’Ui( ) — 'Uz'( . + ’vagui‘}(’vi ); ('U;, 7'0(_2))

end for 7[‘% fE FFE 19




1 .
rgt = gZ?zlrgti(f, p)

Experimental Results SRR B SR
_ |
Dist. OPT rev rqt Dist. Tev rgt VVCA | AMApgynm
(IIT) 0.878 < 0.001 0.860 0.862
@M | 0550 1 0.554 | <0.001 av) | 2.871 | <0001 | 2741 2.765
aDh | 2.137 | 2.137 | <0.001 (V) | 4270 | <0001 | 4.209 3.748
single bidder, 2 items (a) U|0,1] 2 bidders, 2 items by U|2, 3|
0.60 0.010
U oss [ — e ., 0008+
c 2
g 9 0.006
g 0.50 o
o —— RegretNet ip 0.004
2 0.45 Optimal = 0.002
~ Mechanism ' —
0.40 1 : : : : 0.000 4 . : ——a
0 20 40 60 80 0 20 40 60 80
Epochs Epochs

(c)

Figure 3: (a)-(b): Test revenue and regret for (a) single bidder, 2
items and (b) 2 bidder, 2 items settings. (c¢): Plot of test revenue
and regret as a function of training epochs for setting (I).
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Experimental Results (Scaling up)

5.6

v
: o [
g « Settings
D 521
T ol o oen (VI) 3 additive bidders and 10 items, where bidders draw
(1,100) (2,100) (3,100) (4,100) (5,100) (6,100) (7,100) their value for each item from U|0, 1].
- (VII) 5 additive bidders and 10 items, where bidders draw
g 000507 their value for each item from U10, 1].
U 0.0025 A
-
G-DDDD T T T T i i T T
(1,100) (2.100) (3.100) (41000 (5100 (61000 (71000 (R, K) denotes an architecture with R hidden layers
(a) and K nodes per layer
Sy Item-wise Bundled
Distribution rev rgt Myerson Myerson
VI: 3 x 10 5.541 < 0.002 5.310 5.009
VIL: 5 x 10 6.778 | <0.005 6.716 5.453

(b)

Figure S: (a) Revenue and regret on validation set for auctions
learned for setting (VI) using different architectures. (b) Test
revenue and regret for setting (VI) - (VII).
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